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1 Introduction
Recently, higher-spin theories on the (2+1)-dimensional anti-de Sitter (AdS3) spacetimes
have been the subject of active interest because they admit a truncation to an arbitrary
maximal spin N [1, 2]. Especially, the prototype of spin-3 model is a totally symmetric
third-rank tensor of spin-3 field coupled to topologically massive gravity (TMG). Chen et
al., [3] have developed the methods obtaining quasinormal modes of arbitrary spin theories,
and discussed the traceless spin-3 fluctuations around the AdS3 spacetimes. They found
that there exists a single massive propagating mode, besides left-moving and right-moving
massless modes (gauge artifacts). On the other hand, Bagchi et al., [4] have independently
studied the spin-3 TMG. They showed that the trace modes carry energy opposite in sign to
the traceless modes, and pointed out the instability in the bulk of the logarithmic partner
of the traceless modes. These are considered through extended analysis of spin-2 field in the
cosmological TMG [5].
Very recently, Datta and David [6] have introduced massive wave equations of arbitrary
integer spin fields including spin-3 fields in the Ban˜ados-Teitelboim-Zanelli (BTZ) black hole
background. Then, they have obtained their quasinormal modes that are consistent with
the location of the poles of the corresponding two-point function in the dual conformal field
theory. This could be predicted by the AdS3/CFT2 correspondence. By the way, they have
solved the second-order perturbed equation of [¯−m2 + 4/ℓ2]Φρµν = 0 for spin-3 field with
the ingoing modes at horizon and Dirichlet boundary condition at infinity. However, in this
case, there exists a sign ambiguity of mass ±m. Thus, in order to avoid this ambiguity, one
has to solve the first-order equation of ǫ αβρ ∇¯αΦβµν +mΦρµν = 0 itself under the transverse
and traceless (TT) gauge condition.
It was known that the operator approach (method) [7, 8] is very useful to derive the
quasinormal modes of spin-2 field of graviton in the BTZ black hole background in the
framework of the cosmological TMG. This method has been applied to the new massive
gravity to derive their quasinormal modes of the BTZ black hole [9]. Very recently, we have
obtained quasinormal modes of the BTZ black hole in spin-3 TMG by using the operator
method [10]. This method shows clearly how to derive quasinormal modes without any sign
ambiguity in mass.
On the other hand, the presence of the logarithmic modes at the critical point of the
TMG was pointed out [11, 12, 13]. In particular, Grumiller and Johansson [11] have shown
that these modes grow linearly in time and the radial coordinate of the AdS3 spacetimes,
which cause issues on the stability and the chiral nature of the theory. After their work, a
derivation of the logarithmic quasinormal modes of spin-2 was performed for the BTZ back
1
hole [14]. It seems that the operator approach is the only known method to derive the
logarithmic quasinormal modes of spin-3 field because solving the second-order equation at
the critical point cannot provide appropriate logarithmic quasinormal modes, in compared
with the non-critical case.
In this work, we wish to derive logarithmic quasinormal modes and frequencies of a trace-
less spin-3 field around the BTZ black hole at the critical point of spin-3 topologically massive
gravity theory. We will observe how they differ from the logarithmic quasinormal modes of a
spin-2 field. Also, we explore Log-boundary conditions for left-and right-logarithmic modes.
Finally, these quasinormal frequencies will be also confirmed by considering a logarithmic
conformal field theory (LCFT).
2 Perturbation analysis for spin-3 field
2.1 Action of spin-3 TMG
The action for spin-3 coupled to TMG is given by
S =
1
8πG
∫ [
ea ∧ dωa + 1
2
ǫabce
a ∧ ωb ∧ ωc + 1
6l2
ǫabce
a ∧ eb ∧ ec − 2σeab ∧ dωab
− 2σǫabcea ∧ ωbd ∧ ωcd − 2σeab ∧ ǫ(a|cdωc ∧ ω d|b) −
2σ
l2
ǫabce
a ∧ ebd ∧ ecd
]
− 1
16πGµ
∫ [
ωa ∧ dωa + 1
3
ǫabcω
a ∧ ωb ∧ ωc − 2σωab ∧ dωab − 4σǫabcωa ∧ ωbd ∧ ωcd
+ βa ∧ Ta − 2σβab ∧ Tab
]
, (1)
where σ < 0 is a free parameter from SL(3,R) gauge group. Here two Lagrange multipliers
βa = β˜a +
ea
l2
, βab = β˜ab +
eab
l2
(2)
are introduced to impose the torsion free conditions [2]
T a ≡ dea + ǫabcωb ∧ ec − 4σǫabcebd ∧ ω dc = 0,
T ab ≡ deab + ǫcd(a|ωc ∧ e |b)d + ǫcd(a|ec ∧ ω |b)d = 0. (3)
The former in Eq. (1) denotes the action for the spin-3 AdS3 gravity [2], while the latter
represents the spin-3 generalization of gravitational Chern-Simons term with a coupling con-
stant 1/µ. The equations of motion obtained by varying this action are given by the torsion
free conditions
T a = 0, T ab = 0, (4)
2
and four equations
Ra − 1
2µ
(dβa + ǫabcβ
b ∧ ωc − 2σǫ(c|daβbc ∧ ωd|b)) = 0, (5)
Ra +
1
2
ǫabc
[
βb ∧ ec − e
b ∧ ec
l2
+ 4σ
(
ebd ∧ ecd
l2
− ebd ∧ βcd
)]
= 0, (6)
Rab − 1
2µ
(
dβab + ǫcd(a|β
c ∧ ωd|b) + ǫcd(a|ωc ∧ βd|b)
)
= 0, (7)
Rab +
1
2
(
ǫcd(a|β
c ∧ ed|b) + ǫcd(a|ec ∧ βd|b)
)− 1
l2
ǫcd(a|e
c ∧ ed|b) = 0 (8)
with
Ra = dωa +
1
2
ǫabc(ω
b ∧ ωc + e
b ∧ ec
l2
)− 2σǫabc(ωbd ∧ ω dc +
ebd ∧ e dc
l2
), (9)
Rab = dωab + ǫcd(a|ω
c ∧ ωd|b) +
1
l2
ǫcd(a|e
c ∧ ed|b). (10)
At this stage, we note that these differ from the pure gravity coupled to spin-3 field theory
by βa and βab terms. However, for
βa =
ea
l2
, βab =
eab
l2
, (11)
the extra terms disappear due to the torsion free conditions, leading to the pure gravity
coupled to spin-3 field theory [2]. This implies that the nonrotating BTZ black hole solution
to pure gravity coupled to spin-3 field theory [15]
e¯a = eaBTZ (12)
with
e0BTZ =
(
−M + r
2
l2
)
dt, e1BTZ =
(
−M + r
2
l2
)−1
dr, e2BTZ = rdφ (13)
is also the solution to the above equations of motion. Here, the spin connection ω¯a = ω¯aBTZ
takes its components as
ω¯0BTZ =
1
r
(
−M + r
2
l2
)
e¯2, ω¯1BTZ = 0, ω¯
2
BTZ =
∂
∂r
(
−M + r
2
l2
)
e¯0. (14)
In addition, one has
β¯a =
eaBTZ
l2
, e¯ab = eabBTZ = 0, ω¯
ab = ωabBTZ = 0, β¯
ab = βabBTZ =
eabBTZ
l2
= 0 (15)
for the BTZ black hole.
3
2.2 Perturbation for spin-3 field
Now we consider the perturbations around the BTZ black hole background with background
fields e¯a, ω¯a, β¯a, e¯ab, ω¯ab, and β¯ab. For simplicity, we denote the perturbed fields as ea, · · ·
without the bar notation (¯). The six perturbed equations take the forms
dea + ǫabcω¯b ∧ ec + ǫabcωb ∧ e¯c = 0, (16)
dωa + ǫabc(ω¯
b ∧ ωc + e¯
b ∧ ec
l2
)− 1
2µ
(dβa + ǫabcβ¯
b ∧ ωc + ǫabcβb ∧ ω¯c) = 0, (17)
dωa + ǫabc(ω¯
b ∧ ωc + e¯
b ∧ ec
l2
) +
1
2
ǫabc
[
β¯b ∧ ec + βb ∧ e¯c − 2
l2
e¯b ∧ ec
]
= 0, (18)
deab + ǫcd(a|ω¯c ∧ e |b)d + ǫcd(a|e¯c ∧ ω |b)d = 0, (19)
Rab − 1
2µ
(
dβab + ǫcd(a|β¯
c ∧ ωd|b) + ǫcd(a|ω¯c ∧ βd|b)
)
= 0, (20)
Rab +
1
2
(
ǫcd(a|β¯
c ∧ ed|b) + ǫcd(a|e¯c ∧ βd|b)
)− 1
l2
ǫcd(a|e¯
c ∧ ed|b) = 0 (21)
with the perturbed Ricci tensor
Rab = dωab + ǫcd(a|ω¯
c ∧ ωd|b) +
1
l2
ǫcd(a|e¯
c ∧ ed|b). (22)
Hereafter, we will express the perturbed fields in terms of the frame fields hµν and Φµνλ
as
hµν = eµae¯
a
ν , Φµνλ = eµabe¯
a
ν e¯
b
λ, (23)
where the Latin indices of a and b are replaced by the Greek indices of ν and λ. The Greek
indices are raised (or lowered) by the BTZ metric of g¯BTZµν = e¯
a
µe¯
b
νηab where
ds2BTZ = g¯
BTZ
µν dx
µdxν = −
(
−M + r
2
l2
)
dt2 +
dr2(−M + r2
l2
) + r2dφ2. (24)
The perturbed equation of spin-2 graviton takes the form [5](
¯+
2
l2
)
hρσ +
1
µ
ǫρµν∇¯µ
(
¯+
2
l2
)
hνσ = 0, (25)
which is decoupled completely from the spin-3 perturbed equation as [3]
¯Φραβ +
1
2µ
ǫρµν∇¯µ¯Φ αβν = 0. (26)
In this work, we consider the BTZ black hole with the massM = 1 and the AdS3 curvature
radius l = 1 in global coordinates as
ds2BTZ = g¯µνdx
µdxν = − sinh2ρ dτ 2 + cosh2ρ dφ2 + dρ2, (27)
4
where the event horizon is located at ρ = 0, while the infinity is at ρ =∞. Introducing the
light-cone coordinates u/v = τ ± φ, the metric tensor g¯µν takes the form
g¯µν =


1
4
−1
4
cosh2ρ 0
−1
4
cosh2ρ 1
4
0
0 0 1

 . (28)
Then the metric tensor (28) admits the Killing vector fields Lk (k = 0,−1, 1) for the local
SL(2,R)×SL(2,R) algebra as
L0 = −∂u, L−1/1 = e∓u
[
− cosh2ρ
sinh2ρ
∂u − 1
sinh2ρ
∂v ∓ 1
2
∂ρ
]
, (29)
and L¯0 and L¯−1/1 are obtained by substituting u ↔ v. Locally, they form a basis of the
SL(2,R) Lie algebra as
[L0, L±1] = ∓L±1, [L1, L−1] = 2L0. (30)
Here, we note that the totally symmetric spin-3 field Φρµν satisfying the TT gauge condition
∇¯µΦµνρ = 0, Φ µνµ = 0 (31)
has only one degree of freedom corresponding to a single massive mode propagating in the
BTZ black hole spacetimes [10].
On the other hand, the third-order equation (26) can also be expressed as
(DMDLDRΦ)ρµν = 0 (32)
in terms of mutually commuting operators
(DL/R)ρν = δρν ± 1
2
ǫρµν∇¯µ, (DM)ρν = δρν + 1
2µ
ǫρµν∇¯µ. (33)
We note that Eq. (32) is reduced to Eq. (26) when using the BTZ background
R¯ρσµν = −(g¯ρµg¯σν − g¯ρν g¯σµ), R¯µν= = −2g¯µν , (34)
together with the TT gauge condition and the relation of [∇¯µ, ∇¯ν ]Φµαβ = −4Φ αβν . Therefore,
the third-order equation (26) can be decomposed into three first-order differential equations:
(DMΦ)ρµν = 0, (DLΦ)ρµν = 0, (DRΦ)ρµν = 0, (35)
for a massive, a left-moving, and a right-moving degree of freedom, respectively. Importantly,
three first-order differential equations (35) can be simply rewritten in terms of a single massive
first-order differential equation as
ǫ αβρ ∇¯αΦβµν +mΦρµν = 0 (36)
5
with m = 2µ, 2, and −2.
It seems appropriate to comment that it could also be expressed in terms of a second-order
differential equation [6] as [
¯
2 −m2 + 4
]
Φρµν = 0. (37)
However, there exists a sign ambiguity ±m in this equation. Therefore, in order to avoid this
ambiguity, we will directly solve the first-order equation (36) with the TT gauge condition.
Note that at the chiral (critical) point of µ = 1, the operators DM and DL degenerate.
Having the structure in mind, let us find quasinormal modes for the spin-3 field in the BTZ
background by solving (36) together with the TT gauge condition. In order to implement the
operator method [7, 9], one has to choose either the anti-chiral highest weight condition of
L1Φρµν = 0 or the chiral highest weight condition of L¯1Φρµν = 0, but not both simultaneously.
Actually, we note that for a generic symmetric tensor Φρµν , the transversality condition of
∇¯µΦµνρ = 0 is not equivalent to choosing the chiral (anti-chiral) highest weight condition.
However, selecting proper components of Φρµν , two are equivalent to each other.
3 Left-logarithmic quasinormal modes
We observe that similar to the perturbed equation (25) for the spin-2 graviton, the spin-
3 fluctuation also satisfies a third-order differential equation (26). Since the logarithmic
quasinormal modes of the graviton were computed at the critical point in [14], we wish to
calculate logarithmic quasinormal modes of the spin-3 field by the operator method in this
section.
3.1 Logarithmic quasinormal modes
By solving the first-order equation (36), we obtain the left-moving solution of a anti-chiral
highest weight field
ΦLρµν(u, v, ρ) = e
ik(t−φ)−2hL(m)t(sinh ρ)−2hL(m)(tanh ρ)ikFLρµν(ρ), (38)
6
where hL(m) = (m− 2)/2 and FLρµν(ρ) is given by [10]
FLuµν(ρ) =

 0 0 00 0 0
0 0 0


µν
,
FLvµν(ρ) =


0 0 0
0 1 2
sinh 2ρ
0 2
sinh 2ρ
4
sinh2 2ρ


µν
,
FLρµν(ρ) =


0 0 0
0 2
sinh 2ρ
4
sinh2 2ρ
0 4
sinh2 2ρ
8
sinh3 2ρ


µν
. (39)
Note here that FLvµν(ρ) takes the same form as the spin-2 graviton which is Eq. (17) in
Ref. [8], while FLuµν(ρ) is null and F
L
ρµν(ρ) is more damped than F
L
vµν(ρ) for large ρ.
However, the basis of solutions (38) becomes inadequate at the chiral point µ = 1, since
the L and M branches coincide at this point from Eq. (33). One could remedy this problem
by constructing a new mode solution satisfying [11]
DLΦL,newρµν = −ΦLρµν 6= 0, (40)
so that
DLDLΦL,newρµν = −DLΦLρµν = 0, (41)
while satisfying with the anti-chiral highest weight condition as well as the TT gauge condi-
tion.
Then, at the critical point of µ = 1 (m = 2), a new logarithmic solution is given by
ΦL,newρµν = ∂mΦ
L,m
ρµν
∣∣
m→2
= y(t, ρ) ΦLρµν(u, v, ρ)
∣∣
m→2
, (42)
where
y(t, ρ) = −t− ln sinh ρ. (43)
Here, ΦLρµν(u, v, ρ)
∣∣
m→2
is given by Eq. (38) as
ΦLρµν(u, v, ρ)
∣∣
m→2
= eik(t−φ)(tanh ρ)ikFLρµν(ρ). (44)
Next, according to Sachs’s proposal [14], the logarithmic quasinormal modes can be con-
structed by using the following operation
ΦL(n),newρµν (u, v, ρ) =
(
L¯−1L−1
)n
ΦL,newρµν (u, v, ρ), (45)
7
which means that we should compute their descendants of ΦL,newρµν (u, v, ρ) by using the oper-
ator method.
The first descendants of ΦL,newρµν (u, v, ρ) represented by
ΦL(1),newρµν (u, v, ρ) =
(
L¯−1L−1
)
ΦL,newρµν (u, v, ρ) (46)
are explicitly given by
(
L¯−1L−1
)
ΦL,newuµν (u, v, ρ) =
e−2t
sinh2ρ
eikv(tanhρ)ik


0 0 0
0 f
L(1)
uvv
2f
L(1)
uvv
sinh 2ρ
0 2f
L(1)
uvv
sinh 2ρ
4f
L(1)
uvv
sinh2 2ρ


µν
, (47)
(
L¯−1L−1
)
ΦL,newvµν (u, v, ρ) =
e−2t
sinh2ρ
eikv(tanhρ)ik


0 f
L(1)
uvv
2f
L(1)
uvv
sinh 2ρ
f
L(1)
uvv
f
L(1)
vvv
2
f
L(1)
vvρ
sinh 2ρ
2f
L(1)
uvv
sinh 2ρ
f
L(1)
vvρ
sinh 2ρ
2f
L(1)
vρρ
sinh2 2ρ


µν
, (48)
(
L¯−1L−1
)
ΦL,newρµν (u, v, ρ) =
e−2t
sinh2ρ
eikv(tanhρ)ik


0 2f
L(1)
uvv
sinh 2ρ
4f
L(1)
uvv
sinh2 2ρ
2f
L(1)
uvv
sinh 2ρ
f
L(1)
vvρ
sinh 2ρ
2f
L(1)
vρρ
sinh2 2ρ
4f
L(1)
uvv
sinh2 2ρ
2f
L(1)
vρρ
sinh2 2ρ
4f
L(1)
ρρρ
sinh3 2ρ


µν
, (49)
whose relevant components are given by
fL(1)uvv = 1 + (3− ik)y(t, ρ),
fL(1)vvv = 5− 3ik + (3− ik) cosh 2ρ+ 2(3− 4ik − k2)y(t, ρ),
fL(1)vvρ = 5− 3ik + (5− ik) cosh 2ρ+ 2(3− 4ik − k2 + (3− ik) cosh 2ρ)y(t, ρ),
fL(1)vρρ = 5− 3ik + (7− ik) cosh 2ρ+ 2(3− 4ik − k2 + 2(3− ik) cosh 2ρ)y(t, ρ),
fL(1)ρρρ = 5− 3ik + (9− ik) cosh 2ρ+ 2(3− 4ik − k2 + 3(3− ik) cosh 2ρ)y(t, ρ). (50)
Then, the second descendants of ΦL,newρµν (u, v, ρ) are read off from the operation
ΦL(2),newρµν (u, v, ρ) =
(
L¯−1L−1
)2
ΦL,newρµν (u, v, ρ). (51)
8
We have their explicit forms
(
L¯−1L−1
)2
ΦL,newuµν (u, v, ρ) =
e−4t
sinh4ρ
eikv(tanhρ)ik


0 f
L(2)
uuv
f
L(2)
uuρ
sinh 2ρ
f
L(2)
uuv f
L(2)
uvv
f
L(2)
uvρ
sinh 2ρ
f
L(2)
uuρ
sinh 2ρ
f
L(2)
uvρ
sinh 2ρ
f
L(2)
uρρ
sinh2 2ρ


µν
, (52)
(
L¯−1L−1
)2
ΦL,newvµν (u, v, ρ) =
e−4t
sinh4ρ
eikv(tanhρ)ik


f
L(2)
uuv f
L(2)
uvv
f
L(2)
uvρ
sinh 2ρ
f
L(2)
uvv f
L(2)
vvv
f
L(2)
vvρ
sinh 2ρ
f
L(2)
uvρ
sinh 2ρ
f
L(2)
vvρ
sinh 2ρ
f
L(2)
vρρ
sinh2 2ρ


µν
, (53)
(
L¯−1L−1
)2
ΦL,newρµν (u, v, ρ) =
e−4t
sinh4ρ
eikv(tanhρ)ik


f
L(2)
uuρ
sinh 2ρ
f
L(2)
uvρ
sinh 2ρ
f
L(2)
uρρ
sinh2 2ρ
f
L(2)
uvρ
sinh 2ρ
f
L(2)
vvρ
sinh 2ρ
f
L(2)
vρρ
sinh2 2ρ
f
L(2)
uρρ
sinh2 2ρ
f
L(2)
vρρ
sinh2 2ρ
f
L(2)
ρρρ
sinh3 2ρ


µν
. (54)
The full expressions of the matrix elements, f
L(2)
uuv , etc., are listed in Appendix A1.
On the the hand, the third descendants of ΦL,newρµν (u, v, ρ) are given by
ΦL(3),newρµν (u, v, ρ) =
(
L¯−1L−1
)3
ΦL,newρµν (u, v, ρ). (55)
We have
(
L¯−1L−1
)3
ΦL,newuµν (u, v, ρ) =
e−6t
sinh6ρ
eikv(tanhρ)ik


f
L(3)
uuu f
L(3)
uuv
f
L(2)
uuρ
sinh 2ρ
f
L(3)
uuv f
L(3)
uvv
f
L(3)
uvρ
sinh 2ρ
f
L(2)
uuρ
sinh 2ρ
f
L(3)
uvρ
sinh 2ρ
f
L(3)
uρρ
sinh2 2ρ


µν
, (56)
(
L¯−1L−1
)3
ΦL,newvµν (u, v, ρ) =
e−6t
sinh6ρ
eikv(tanhρ)ik


f
L(3)
uuv f
L(3)
uvv
f
L(3)
uvρ
sinh 2ρ
f
L(3)
uvv f
L(3)
vvv
f
L(3)
vvρ
sinh 2ρ
f
L(3)
uvρ
sinh 2ρ
f
L(3)
vvρ
sinh 2ρ
f
L(3)
vρρ
sinh2 2ρ


µν
, (57)
(
L¯−1L−1
)3
ΦL,newρµν (u, v, ρ) =
e−6t
sinh6ρ
eikv(tanhρ)ik


f
L(3)
uuρ
sinh 2ρ
f
L(3)
uvρ
sinh 2ρ
f
L(3)
uρρ
sinh2 2ρ
f
L(3)
uvρ
sinh 2ρ
f
L(3)
vvρ
sinh 2ρ
f
L(3)
vρρ
sinh2 2ρ
f
L(3)
uρρ
sinh2 2ρ
f
L(3)
vρρ
sinh2 2ρ
f
L(3)
ρρρ
sinh3 2ρ


µν
. (58)
Here again, the full expressions of f
L(3)
uuu , · · · , are written down in Appendix A2. The fourth
descendants are given in Appendix A3 with s-mode (k = 0).
From these expressions, one can deduce the expression for higher order of the descendants
9
as
ΦL(n),newρµν (u, v, ρ) =
(
L¯−1L−1
)n
ΦL,newρµν (u, v, ρ)
=
e−2nt
sinh2nρ
eikv(tanhρ)ikFL(n)ρµν (ρ), (59)
where F
L(n)
ρµν (ρ) is the corresponding n-th order matrix. As a result, we read off the left-
logarithmic quasinormal frequencies of a traceless spin-3 field from the quasinormal modes
(59)
ωnL = −k − 2in, n ∈ N. (60)
which is the same expression for spin-2 graviton hµν [14]. This is one of our main results.
It is by now appropriate to comment on the right-moving solution and the right-logarithmic
quasinormal modes. The right-moving solution and its corresponding logarithmic solution
can be easily constructed by the substitution of both u↔ v, L ↔ R and φ → −φ, k → −k
in Eqs. (38), (39), and (44). Moreover, the succeeding descendants of the right-logarithmic
quasinormal modes can also be derived by the mentioned substitution, and finally yield the
quasinormal frequencies as
ωnR = k − 2in, n ∈ N. (61)
3.2 Log-boundary conditions
Since the time dependent part of the solution (59) is simply given by exponential fall-off in
t as [e−2nt] whereas the radial part is a complicated form for each descendant, it would be
better to observe their asymptotic behaviors. For this purpose, let us find the asymptotic
behaviors of the left-logarithmic solutions (44). We have the asymptotic form in the ρ→∞
limit as
ΦL(0),new,∞uµν (u, v, ρ) ∼


0 0 0
0 0 0
0 0 0


µν
,
ΦL(0),new,∞vµν (u, v, ρ) ∼ −ρ

 0 0 00 1 e−2ρ
0 e−2ρ e−4ρ


µν
,
ΦL(0),new,∞ρµν (u, v, ρ) ∼ −ρ

 0 0 00 e−2ρ e−4ρ
0 e−4ρ e−6ρ


µν
. (62)
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The second component Φ
L(0),new,∞
vµν in Eq. (62) takes the same form as that of the spin-2
graviton [14]. We point out that since the mode of Φ
L(0),new,∞
vvv (∝ ρ) is growing in ρ, it could
not be considered as a quasinormal mode. It may be cured by taking descendants. For
example, taking the third descendants, we have
ΦL(3),new,∞uµν (u, v, ρ) ∼ −ρ

 e
−6ρ e−4ρ e−6ρ
e−4ρ e−2ρ e−4ρ
e−6ρ e−4ρ e−6ρ


µν
,
ΦL(3),new,∞vµν (u, v, ρ) ∼ −ρ


e−4ρ e−2ρ e−4ρ
e−2ρ −1
ρ
e−2ρ
e−4ρ e−2ρ e−4ρ


µν
,
ΦL(3),new,∞ρµν (u, v, ρ) ∼ −ρ

 e
−6ρ e−4ρ e−6ρ
e−4ρ e−2ρ e−4ρ
e−6ρ e−4ρ e−6ρ


µν
. (63)
We also would like to mention that all higher order components {ΦL(n),new,∞vvv ∼ 1} with n > 0
are not dominant at large ρ, which implies that it may induce difficulty in identifying the
corresponding dual operator on the LCFT side. On the other hand, all other components
{ΦL(n),new,∞ρµν } with n ≥ 0 for ρ, µ, ν 6= v show the exponential fall-off in ρ as [ρ · e−2cρ] with
c = 2, 4, 6, which indicates genuine gravitational quasinormal modes.
Finally, it seems appropriate to comment on the fourth descendants Φ
L(4),new,∞
λµν (u, v, ρ).
Their asymptotic behavior is exactly the same with the asymptotic form (63) of the third
descendants. Thus, we expect that all higher order descendants with n > 4 for the spin-3
case behave as like the third descendants have.
We have also proven that as were shown in Appendix B, these properties persist to the
noncritical cases of µ 6= ±1.
4 AdS/LCFT correspondence
The log gravity at the chiral point could be dual to a LCFT on the boundary described by
(τ, σ) [11, 13]. In this section, we show how to derive quasinormal frequencies ωnL/R = ∓k−2in
of the spin-3 field from the LCFTL on the boundary. It was known that the spin-3 chiral
gravity with the Brown-Henneaux boundary condition [16] is holographically dual to the
CFTL with classical W3 algebra and central charge cL = 3l/G [4]. However, this is not our
case because we did not require the Brown-Henneaux boundary condition.
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The LCFTL [17, 18, 19] may arise from the two operators C and D which satisfy the
degenerate eigenequations of L0 as
L0|C >= hL|C >, L0|D >= hL|D > +|C > . (64)
The two-point functions of these operators take the forms
< C(x)C(0) >= 0, < C(x)D(0) >=
c
x2hL
, < D(x)D(0) >=
1
x2hL
[d− 2c log(x)] . (65)
We note that Eq. (65) does not fix C and its logarithmic partner D uniquely. For example,
D′ = D+ aC also satisfies Eq. (64). This freedom could be used to adjust the constant d to
any suitable value.
In order to derive quasinormal modes, we focus at the location of of the poles in the mo-
mentum space for the retarded two-point functions GCCR (τ, σ), G
CD
R (τ, σ) and G
DD
R (τ, σ) [14].
It is very important to recognize that GCDR (τ, σ) is identical with that of the two point function
in the CFT [20]. The momentum space representation can be read off from the commutator
whose pole structure is given by
DDC(p+) ∝ Γ
(
hL + i
p+
2πTL
)
Γ
(
hL − i p+
2πTL
)
, (66)
where hL = (m − 2)/2, p+ = (ω + k)/2, and TL = r+/2π = l
√
M/2π = 1/2π for the
nonrotating BTZ black hole with M = 1 and l = 1. This function has poles in both the
upper and lower half of the ω-plane. It turned out that the poles located in the lower half-
plane are the same as the poles of the retarded two-point function GCDR (τ, σ). Restricting
the poles in Eq. (66) to the lower half-plane, we find one set of simple poles
ωL = −k − 2i(n+ hL), (67)
with n ∈ N . This set of poles characterizes the decay of the perturbation on the LCFTL
side. Furthermore, GDDR (t, σ) can be inferred by noting [18, 19]
< D(x)D(0) >=
∂
∂hL
< C(x)D(0) > . (68)
Then, this implies that its momentum space representation takes the form
DDD(p+) ∝ Γ′ (hL + ip+) Γ (hL − ip+) + Γ (hL + ip+) Γ′ (hL − ip+) , (69)
where the prime (′) denotes the differentiation with respect to hL. The poles in the lower
half plane are relevant to deriving quasinormal modes. We mention that DDDR (p+) has dou-
ble poles, while DCDR (p+) has simple poles at the same location. These double poles are
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responsible for the linear-time dependence in y(t, ρ)[= −t − ln sinh ρ] of the corresponding
quasinormal modes.
Now, we are in a position to assign the bulk perturbation to C and D. For m > 2, the
spin-3 perturbation ΦLρµν(m) is dual to a non-degenerate boundary operator C with conformal
weight hL =
m−2
2
. At the chiral point of m = 2, the perturbation of ΦLρµν(m)|m→2 becomes
a pure gauge. In this case, Eq. (64) together with the relation of L1D = 0 implies for the
corresponding bulk perturbation [19]
ΦL,newρµν = [y(t, ρ) + a]Φ
L
ρµν(m)|m→2, (70)
which shows that ΦL,newρµν is the bulk perturbation for the logarithmic partner D. The bulk-
boundary correspondence is summarized as
ΦLρµν(m)|m→2 ←→ C, ΦL,newρµν ←→ D. (71)
Similarly, we have the bulk-boundary correspondence for the right-movers as
ΦRρµν(m)|m→2 ←→ C˜, ΦR,newρµν ←→ D˜ (72)
if one introduces the right sector of LCFTR operator C˜ and D˜ which satisfy the degenerate
eigenequations for L¯0 as
L¯0|C˜ >= hR|C˜ >, L¯0|D˜ >= hR|D˜ > +|C˜ > . (73)
Here the two-point functions of these operators take the forms
< C˜(x¯)C˜(0) >= 0, < C˜(x¯)D˜(0) >=
c¯
x¯2hR
, < D˜(x¯)D˜(0) >=
1
x¯2hR
[
d¯− 2c¯ log(x¯)] . (74)
On the other hand, its momentum space two-point functions take the form
D¯D˜C˜(p−) ∝ Γ
(
hR + i
p−
2πTR
)
Γ
(
hR − i p−
2πTR
)
(75)
where hR = (m− 2)/2, p− = (ω − k)/2, and TR = 1/2π. Confining the poles in Eq. (75) to
the lower half-plane, one finds the other set of simple poles
ωR = k − 2i(n+ hR). (76)
This set of poles characterizes the decay of the perturbation on the LCFTR side.
Finally, we wish to mention that the above AdS/LCFT construction is closely related to
the spin-2 case since the bulk-boundary correspondence is irrelevant to the higher spin N .
Therefore, we suggest that the spin-2 computations of 2- and 3-point correlators [21], and
the 1-loop partition function [22] may be helpful to calculate those of spin-3.
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5 Discussions
Using the operator method, we have constructed the logarithmic quasinormal modes of a
traceless spin-3 field around the BTZ black hole at the critical point of the spin-3 TMG. The
quasinormal frequencies are given by ωnL/R = ∓k−2in. The positive integer “n” implies that
the BTZ black hole is stable against the spin-3 perturbations because there is no exponentially
growing modes like e2nt. We note that these quasinormal frequencies are the same as those
of the spin-2 graviton.
The logarithmic quasinormal modes depending y(t, ρ) = −(t + ln sinh ρ) reflect that the
linearized equation (26) is a third-order differential equation. The presence of the log spin-
3 mode may induce the instability of the BTZ black hole spacetimes and the non-chiral
nature of the spin-3 field coupled to topologically massive gravity. As far as the instability
issue concerned, we have to pay attention to the log spin-2 case of [11] where the Brown-
Henneaux boundary conditions are relaxed to allow metric fluctuations to grow linearly in ρ
at infinity. Also, if one relaxes the boundary condition to allow log-modes (whose presence
makes the theory non-chiral) [23, 24], one has the well-defined logarithmic quasinormal modes.
Moreover, even though there is a linearized instability, logarithmic excitations always obey
log-boundary conditions, but not the Brown-Henneaux boundary conditions [25]. At this
stage, it is important to mention that the y(t, ρ)-dependence of the spin-3 quasinormal modes
is necessary to reproduce the double poles in Eq. (69). In this direction, we wish to note
that the appearance of a simple pole in the retarded Green function is closely related to
quasinormal modes [20], while the appearance of a double pole in the retarded Green function
reflects logarithmic quasinormal modes [14]. Hence, the instability due to y(t, ρ) is not
considered as an obstacle to the interpretation of log spin-3 quasinormal modes.
Finally, we have established the bulk-boundary correspondence by introducing two sets
of operators (D,C) for the LCFTL and (D˜, C˜) for the LCFTR. We could read off the
logarithmic quasinormal frequencies of ωnL/R from the locations of retarded green function in
momentum space DDC(p+) and D¯D˜C˜(p−) [20]. These are ωLCFT,nL/R = ∓k−2i(n+hL/R) where
hL/R(m) = (m−2)/2 is zero for m = 2, leading to ωnL/R = ωLCFT,nL/R . It dictates that using the
AdS/LCFT correspondence [14], the logarithmic quasinormal frequencies could be obtained
from the LCFTL/R sides.
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Appendix: Full forms of the descendants
A1. The second descendants of the left-logarithmic modes
The full form of the components of the second descendants (52)-(54) are
fL(2)uuv = 14− 4ik + 2(12− 7ik − k2)y(t, ρ),
fL(2)uuρ = 2f
L(2)
uuv = 2(14− 4ik + 2(12− 7ik − k2)y(t, ρ)),
fL(2)uvv = 40− 29ik − 5k2 + (26− 11ik − k2) cosh 2ρ
+ 2
(
24− 26ik − 9k2 + ik3 + (12− 7ik − k2) cosh 2ρ) y(t, ρ),
fL(2)uvρ = 2
(
40− 29ik − 5k2 + (40− 15ik − k2) cosh 2ρ
+ 2(24− 26ik − 9k2 + ik3 + (24− 14ik − 2k2) cosh 2ρ)y(t, ρ)) ,
fL(2)uρρ = 4
(
40− 29ik − 5k2 + (54− 19ik − k2) cosh 2ρ
+ 2(24− 26ik − 9k2 + ik3 + (36− 21ik − 3k2) cosh 2ρ)y(t, ρ)) ,
fL(2)vvv =
1
8
(
452− 517ik − 195k2 + 24ik3 + 4(88− 81ik − 23k2 + 2ik3) cosh 2ρ
+ (12− 7ik − k2) cosh 4ρ)
+ (48− 76ik − 44k2 + 11ik3 + k4 + (24− 26ik − 9k2 + ik3) cosh 2ρ)y(t, ρ),
fL(2)vvρ =
1
4
(
584− 569ik − 199k2 + 24ik3 + 4(168− 139ik − 33k2 + 2ik3) cosh 2ρ
+ (88− 43ik − 5k2) cosh 4ρ)
+ (132− 173ik − 91k2 + 22ik3 + 2k4 + (144− 156ik − 54k2 + 6ik3) cosh 2ρ
+ (12− 7ik − k2) cosh 4ρ)y(t, ρ),
fL(2)vρρ =
1
2
(
772− 637ik − 203k2 + 24ik3 + 4(248− 197ik − 43k2 + 2ik3) cosh 2ρ
+ (220− 95ik − 9k2) cosh 4ρ)
+ 4(96− 104ik − 48k2 + 11ik3 + k4 + (120− 130ik − 45k2 + 5ik3) cosh 2ρ
+ (24− 14ik − 2k3) cosh 4ρ)y(t, ρ),
fL(2)ρρρ =
(
1016− 721ik − 207k2 + 24ik3 + 4(328− 255ik − 53k2 + 2ik3) cosh 2ρ
+ (408− 163ik − 13k2) cosh 4ρ)
+ 4(276− 257ik − 103k2 + 22ik3 + 2k4
+ (336− 364ik − 126k2 + 14ik3) cosh 2ρ
+ (108− 63ik − 9k2) cosh 4ρ)y(t, ρ). (77)
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A2. The third descendants of the left-logarithmic modes
The full form of the components of the third descendants (56)-(58) are
fL(3)uuu = 6(47− 24ik − 3k2 + (60− 47ik − 12k2 + ik3)y(t, ρ)),
fL(3)uuv = 3
(
342− 285ik − 78k2 + 7ik3 + (248− 143ik − 24k2 + ik3) cosh 2ρ
+ 2(180− 201ik − 83k2 + 15ik3 + k4 + 2(60− 47ik − 12k2 + ik3) cosh 2ρ)y(t, ρ)) ,
fL(3)uuρ = 6
(
342− 285ik − 78k2 + 7ik3 + (342− 191ik − 30k2 + ik3) cosh 2ρ
+ 2(180− 201ik − 83k2 + 15ik3 + k4 + 3(60− 48ik − 12k2 + ik3) cosh 2ρ)y(t, ρ)) ,
fL(3)uvv =
3
8
(
5714− 6161ik − 2522k2 + 463ik3 + 32k4
+ 4(1386− 1257ik − 400k2 + 51ik3 + 2k4) cosh 2ρ
+ (582− 379ik − 78k2 + 5ik3) cosh 4ρ
+
(
2(2460− 3367ik − 1860k2 + 517ik3 + 72k4 − 4ik5)
+ 24(180− 201ik − 83k2 + 15ik3 + k4) cosh 2ρ
+ 6(60− 47ik − 12k2 + ik3) cosh 4ρ) y(t, ρ)) ,
fL(3)uvρ =
3
4
(
6894− 6829ik − 2630k2 + 467ik3 + 32k4
+ 4(2070− 1827ik − 556k2 + 65ik3 + 2k4) cosh 2ρ+ 9(154− 95ik − 18k2 + ik3) cosh 4ρ
+
(
2(3060− 3837ik − 1980k2 + 527ik3 + 72k4 − 4ik5)
+ 40(180− 201ik − 83k2 + 15ik3 + k4) cosh 2ρ
+ 18(60− 47ik − 12k2 + ik3) cosh 4ρ) y(t, ρ)) ,
fL(3)uρρ =
3
2
(
8450− 7689ik − 2762k2 + 471ik3 + 32k4
+ 4(2754− 2397ik − 712k2 + 79ik3 + 2k4) cosh 2ρ
+ (2566− 1523ik − 270k2 + 13ik3) cosh 4ρ
+
(
2(3900− 4495ik − 2148k2 + 541ik3 + 72k4 − 4ik5)
+ 56(180− 201ik − 83k2 + 15ik3 + k4) cosh 2ρ
+ 38(60− 47ik − 12k2 + ik3) cosh 4ρ) y(t, ρ)) ,
fL(3)vvv =
1
16
(
6(7014− 9724ik − 5417k2 + 1516ik3 + 213k4 − 12ik5)
+ 3(14268− 17683ik − 8476k2 + 1941ik3 + 208k4 − 8ik5) cosh 2ρ
+ 6(882− 888ik − 327k2 + 52ik3 + 3k4) cosh 4ρ+ (60− 47ik − 12k2 + ik3) cosh 6ρ
+
(
4(7380− 12561ik − 8947k2 + 3411ik3 + 733k4 − 84ik5 − 4k6)
+ 48(540− 783ik − 450k2 + 128ik3 + 18k4 − ik5) cosh 2ρ
+ 12(180− 201ik − 83k2 + 15ik3 + k4) cosh 4ρ) y(t, ρ)) ,
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fL(3)vvρ =
1
4
(
3(10470− 12808ik − 6373k2 + 1632ik3 + 217k4 − 12ik5)
+ 3(13293− 15287ik − 6817k2 + 1437ik3 + 136k4 − 4ik5) cosh 2ρ
+ 3(2970− 2832ik − 971k2 + 140ik3 + 7k4) cosh 4ρ
+ (441− 307ik − 69k2 + 5ik3) cosh 6ρ
+
(
2(11700− 17385ik − 10939k2 + 3771ik3 + 757k4 − 84ik5 − 4k6)
+ 3(9540− 13233ik − 7380k2 + 2063ik3 + 288k4 − 16ik5) cosh 2ρ
+ 30(180− 201ik − 83k2 + 15ik3 + k4) cosh 4ρ
+ 3(60− 47ik − 12k2 + ik3) cosh 6ρ) y(t, ρ)) ,
fL(3)vρρ =
1
4
(
6(15294− 17032ik − 7641k2 + 1776ik3 + 221k4 − 12ik5)
+ 3(42256− 45373ik − 19104k2 + 3819ik3 + 336k4 − 8ik5) cosh 2ρ
+ 6(6426− 5916ik − 1927k2 + 256ik3 + 11k4) cosh 4ρ
+ (3552− 2321ik − 480k2 + 31ik3) cosh 6ρ
+
(
4(18180− 24621ik − 13927k2 + 4311ik3 + 793k4 − 84ik5 − 4k6)
+ 12(8220− 10759ik − 5748k2 + 1565ik3 + 216k4 − 12ik5) cosh 2ρ
+ 156(180− 201ik − 83k2 + 15ik3 + k4) cosh 4ρ
+ 36(60− 47ik − 12k2 + ik3) cosh 6ρ) y(t, ρ)) ,
fL(3)ρρρ =
(
3(21486− 22396ik − 9221k2 + 1948ik3 + 225k4 − 12ik5)
+ 3(31203− 31328ik − 12479k2 + 2388ik3 + 200k4 − 4ik5) cosh 2ρ
+ 15(2250− 2028ik − 639k2 + 80ik3 + 3k4) cosh 4ρ
+ (4599− 2872ik − 555k2 + 32ik3) cosh 6ρ
+
(
2(26820− 34269ik − 17911k2 + 5031ik3 + 841k4 − 84ik5 − 4k6)
+ 3(25740− 31683ik − 16092k2 + 4237ik3 + 576k4 − 32ik5) cosh 2ρ
+ 150(180− 201ik − 83k2 + 15ik3 + k4) cosh 4ρ
+ 57(60− 47ik − 12k2 + ik3) cosh 6ρ) y(t, ρ)) . (78)
A3. The fourth descendent of the left-logarithmic modes
Here we summarize the fourth descendent of the left-logarithmic modes for the s-mode (k = 0
case)
ΦL(4),newρµν (u, v, ρ) =
(
L¯−1L−1
)4
ΦL,newρµν (u, v, ρ). (79)
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Explicitly, we have
(
L¯−1L−1
)4
ΦL,newuµν (u, v, ρ) =
e−8t
sinh8ρ


f
L(4)
uuu f
L(4)
uuv
f
L(4)
uuρ
sinh 2ρ
f
L(4)
uuv f
L(4)
uvv
f
L(4)
uvρ
sinh 2ρ
f
L(4)
uuρ
sinh 2ρ
f
L(4)
uvρ
sinh 2ρ
f
L(4)
uρρ
sinh2 2ρ


µν
, (80)
(
L¯−1L−1
)4
ΦL,newvµν (u, v, ρ) =
e−8t
sinh8ρ


f
L(4)
uuv f
L(4)
uvv
f
L(4)
uvρ
sinh 2ρ
f
L(4)
uvv f
L(4)
vvv
f
L(4)
vvρ
sinh 2ρ
f
L(4)
uvρ
sinh 2ρ
f
L(4)
vvρ
sinh 2ρ
f
L(4)
vρρ
sinh2 2ρ


µν
, (81)
(
L¯−1L−1
)4
ΦL,newρµν (u, v, ρ) =
e−8t
sinh8ρ


f
L(4)
uuρ
sinh 2ρ
f
L(4)
uvρ
sinh 2ρ
f
L(4)
uρρ
sinh2 2ρ
f
L(4)
uvρ
sinh 2ρ
f
L(4)
vvρ
sinh 2ρ
f
L(4)
vρρ
sinh2 2ρ
f
L(4)
uρρ
sinh2 2ρ
f
L(4)
vρρ
sinh2 2ρ
f
L(4)
ρρρ
sinh3 2ρ


µν
, (82)
where
fL(4)uuu = 432(86 + 67 cosh 2ρ) + 8640(4 + 3 cosh 2ρ)y(t, ρ),
fL(4)uuv = 432(239 + 255 cosh 2ρ+ 35 cosh 4ρ) + 2160(39 + 40 cosh 2ρ+ 5 cosh 4ρ)y(t, ρ),
fL(4)uuρ = 432(1 + cosh 2ρ)(427 + 255 cosh 2ρ+ 40(9 + 5 cosh 2ρ)y(t, ρ)),
fL(4)uvv = 36(5050 + 5955 cosh 2ρ+ 1194 cosh 4ρ+ 61 cosh 6ρ)
+ 1080(120 + 135 cosh 2ρ+ 24 cosh 4ρ+ cosh 6ρ)y(t, ρ),
fL(4)uvρ = (1 + cosh 2ρ) ( 144(2385 + 2068 cosh 2ρ+ 199 cosh 4ρ)
+ 17280(15 + 12 cosh 2ρ+ cosh 4ρ)y(t, ρ) ) ,
fL(4)uρρ = 2(1 + cosh 2ρ) ( 144(2925 + 3292 cosh 2ρ+ 481 cosh 4ρ)
+ 4320(75 + 82 cosh 2ρ+ 11 cosh 4ρ)y(t, ρ) ) ,
fL(4)vvv =
9
8
(186125 + 223320 cosh 2ρ+ 47268 cosh 4ρ+ 2792 cosh 6ρ+ 15 cosh 8ρ)
+ 1080(120 + 135 cosh 2ρ+ 24 cosh 4ρ+ cosh 6ρ)y(t, ρ),
fL(4)vvρ = (1 + cosh 2ρ) (
9
2
(101650 + 97875 cosh 2ρ+ 13086 cosh 4ρ+ 349 cosh 6ρ)
+ 540(570 + 495 cosh 2ρ+ 54 cosh 4ρ+ cosh 6ρ)y(t, ρ) ) ,
fL(4)vρρ = 2(1 + cosh 2ρ) (
9
2
(145670 + 177121 cosh 2ρ+ 37066 cosh 4ρ+ 1967 cosh 6ρ)
+ 4320(105 + 123 cosh 2ρ+ 23 cosh 4ρ+ cosh 6ρ)y(t, ρ) ) ,
fL(4)ρρρ = 2(1 + cosh 2ρ)
2 ( 18(71495 + 65828 cosh 2ρ+ 6717 cosh 4ρ)
+ 6480(145 + 124 cosh 2ρ+ 11 cosh 4ρ)y(t, ρ) ) . (83)
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B. The asymptotic form of the left-moving noncritical modes
The solution of the first order equation (36) is given by
ΦLρµν(u, v, ρ) = e
−(µ−1)(u+v)(sinh ρ)−2(µ−1)FLρµν , (84)
where µ > 1. From this and the corresponding descendent solutions, we find that the
asymptotic forms are given as follows
ΦL,∞uµν (u, v, ρ) ∼ e−2(µ−1)t

 0 0 00 0 0
0 0 0


µν
,
ΦL,∞vµν (u, v, ρ) ∼ e−2(µ−1)t


0 0 0
0 e−2(µ−1)ρ e−2µρ
0 e−2µρ e−2(µ+1)ρ


µν
,
ΦL,∞ρµν (u, v, ρ) ∼ e−2(µ−1)t

 0 0 00 e−2µρ e−2(µ+1)ρ
0 e−2(µ+1)ρ e−2(µ+2)ρ


µν
. (85)
For the first descendent solutions, we have
ΦL(1),∞uµν (u, v, ρ) ∼ e−2µt

 0 0 00 e−2µρ e−2(µ+1)ρ
0 e−2(µ+1)ρ e−2(µ+2)ρ


µν
,
ΦL(1),∞vµν (u, v, ρ) ∼ e−2µt


0 e−2µρ e−2(µ+1)ρ
e−2µρ e−2(µ−1)ρ e−2µρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ


µν
,
ΦL(1),∞ρµν (u, v, ρ) ∼ e−2µt


0 e−2(µ+1)ρ e−2(µ+2)ρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ
e−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ


µν
. (86)
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For the second descendent solutions, we have
ΦL(2),∞uµν (u, v, ρ) ∼ e−2(µ+1)t


0 e−2(µ+1)ρ e−2(µ+2)ρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ
e−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ


µν
,
ΦL(2),∞vµν (u, v, ρ) ∼ e−2(µ+1)t

 e
−2(µ+1)ρ e−2µρ e−2(µ+1)ρ
e−2µρ e−2(µ−1)ρ e−2µρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ


µν
,
ΦL(2),∞ρµν (u, v, ρ) ∼ e−2(µ+1)t

 e
−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ
e−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ


µν
. (87)
For the third descendent solutions, we have
ΦL(3),∞uµν (u, v, ρ) ∼ e−2(µ+2)t


e−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ
e−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ


µν
,
ΦL(3),∞vµν (u, v, ρ) ∼ e−2(µ+2)t

 e
−2(µ+1)ρ e−2µρ e−2(µ+1)ρ
e−2µρ e−2(µ−1)ρ e−2µρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ


µν
,
ΦL(3),∞ρµν (u, v, ρ) ∼ e−2(µ+2)t

 e
−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ
e−2(µ+1)ρ e−2µρ e−2(µ+1)ρ
e−2(µ+2)ρ e−2(µ+1)ρ e−2(µ+2)ρ


µν
. (88)
We note here that the fourth descendent of the solution has been calculated for the s-mode
(k = 0 case), without loss of generosity. As a result, we have confirmed that they are the
same with the asymptotic form of the third descendent Eq. (88).
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